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General Tteatment of Klystron Resonant Cavities”
K.4ZU0 FUJISAWA~

Summary—Klystron resonant cavities are treated for general
cases and their equivalent circuits are theoretically determined,
which allows a fairly accurate estimate of resonant properties. It is

shown that a reentrant cavity is expressed as a low-frequency series

LCR,, circuit or a shunt LCR,h circuit, taking L as the inductance of

a toroiclal coil with one turn and with a cross section the same as the
cavity, C as the gap capacitance plus the equivalent capacitance of

the cavity, and R,. or R,h as the erwivalent series or shunt resistance
of the cavity at resonance. The introduction of the equivalent cavity

capacitance has proved to be very effective.
The formulas derived here enable one to calculate the resonant

frequency within an error of a few per cent and the shunt resistance

and the Q within an error of several tenths of a per cent in most cases,
and thus should prove to be very useful to the designer of microwave
circuits,

lNTRODUCTION

SO FAR, there has been no general theory on

M>-stron resonant cavities of the reentrant type, so

that their shapes and dimensions were mainly

determined by cut-and-try method. There is an empiri-

cal staternentl that the reentrant cavity is expressed

as a low-frequency shunt LC circuit, taking L as the

inductance of a toroidal coil with one turn and with

the same cross section as the cavity, and C as the gap

capacitance formed by plane parallel plates. The ac-

curacy of this empirical statement is insufficient to rely

upon for designing, It is said that the error of the res-

onant frequency exceeds 20 per cent.

As for the reentrant coaxial cavity with a toroidal

rectangular cross section, there have been many works

initiated by Hansen, and now we can utilize various

charts to obtain its resonant frequency. 2–4 The un-

loaded Q and the shunt resistance of this type of cavity

are also calculated and tabulated in some cases,5 and

are studied in detail by Ginzton and Nalos. G

However, in practice, the purely coaxial reentrant

cavity is seldom used, so we need some more general

calculating methods in order to design practical klystron

cavities.

* fi’lalluscript received by the PGhITT, J U1y 3, 1957; revised
manuscript received, May 2, 1958.
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In this paper, an arbitrary reentrant cavity is gener-

ally treated using the theorv of Green’s functions. The

formula for the input admittance at the gap is derived,

and then its low-frequency equivalent circuit is deter-

mined in general form. Thus we can estimate its res-

onant properties with considerable accuracy and deter-

mine its dimensions at least in the earlier stages of de-

signing.

The low-frequency equivalent circuit derived here

theoretically has proved to be almost the same as the

above mentioned empirical circuit, except for the addi-

tion of an equivalent capacitance of the cavity to the

gap capacitance. By the introduction of this cavity

capacitance, the accuracy of the equivalent circuit is

much improved. By means of this method the error of

the resonant frequency is ordinarily within a few per

cent in its region of validity. The region of applicability

of this equivalent circuit is estimated by comparisons

with experiments and with other calculated results on

the coaxial reentrant cavity.

Also, for the special reentrant cavity with an aperture

gap, equivalent circuit parameters are given here- with

considerable accuracy.

GENERAL THEORY OF A REENTRANT CAVITY

In this Section, a reentrant cavity is generally treated,

and the general expression for its input admittance at

the gap is derived.

In Fig. 1, the cross section of a reentrant cavity is

shown, and the cylindrical coordinates ~, +, and z are

used as shown. In this cavity, the fundamental E-type

mode with axial symmetry is excited and its field com-

ponents are given by

where mks units are used. M satisfies the following wave

equation

under the boundary condition

&L
oncl —= o,

L%
(3)

where c1 is the wall part of the boundary c of D, D being

the hatched region of the cavity cross section, and

k2 = uzeop~.
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Fig. l—Cross section of a reentrant cavity.

To solve this boundary-value problem, let us intro-

duce Green’s function G(P, P’; k’) for two points P and

P’ in D, which has the following properties.78

1) G, regarded as a function of P’, satisfies the wave

equaticm

L’(G) + ~G =
r’

everywhere in D except at 1’. The

0, (4)

dashed symbols all

refer to the point P’ throughout this paper.

2) When P’ is on c

(?G
—-=0,
i)n’

(5)

where n’ is the outward normal to ~ at P’.

3) When the distance PP’zO and P lies in D, G is

written

G(P, P’; k’) = – ~ln F’P’ + g(P, P’; k’), (6)

where g is a regular function everywhere in D. So,

taking c’ as an infinitesimal circle aroung P, we have

$ dG dS’ =1,
,1 im’ #

(7)

where n’ is the inward normal to c’, and ds’ is the incre-

ment of length along c’.

For a point P on the boundary c, G may be written

G(P, P’; k’) = – < in PP’ -1- g(p, P’; k’), (8)
a

7 ii. Sommerfeld, “Die Greensche Funktion der Schwingungs-
gleichung, ” Jahrb, Deat. lvfuth.- Vev,, Bd. 21, pp. 309–353; March,
.-.-
lYIZ.

S R. Courant and D. Hilbert, “Methoden der Mathematischen
F’hysik ] ,” Julius Springer, Berlin, pp. 302–337; 1931.

where a is the angle subtended by c at P. The rigorous

proof of this equation may be difficult, but we can

confirm it by several examples. g Assuming (8) and

taking now c’ as the part in D of an infinitesimal circle

around P, (7) remains valid.

4) If we denote the ith eigenvalue of the boundary-

value problem, (4) and (5), as k;, and the ith norms lized

eigenfunction as ZIi, the following relations exist:

s dS’

[

0, ifi #j,
v;(P’)zJj(P’) — = (9)

D r’ 1, ifi=j,

i,j=o, 1,2, ...,

where d.S is the increment of area at P‘. Particularly,

for i=O

ki=ko=o,

1
vt~ = Vot = const = —

I

(lo)

J
dS’/r’

D

Using these eigenvalues and eigenfunctions, G i~ ex-

panded as

G(P, P’; k’) = 2
i-o

Then, by Green’s theorem, we

It(P) = t’H$(P) = jtieo
J co

Z%(P)V;(P’)

ki2 _ ~2– “ (11)

have

G(P, P’; /11’)E’ds’, (12)

where the line integral is taken counter-clockwise

around D, on the boundary section COin the gap re!gion,

and E’ is the electric field at P’ on CO.

Now, for simplicity, let us consider the case whe~~ the

unit gap voltage is applied; then we have

J
E’. ds’ = – 1. (13)

co

Thence, the input admittance of the cavity at the gap

edge PO is given by

+.
J?(PO) = – 27r2L(Po)

= – ju@2n-
J

@o, P“; k2)E’ dS’. (14)

co

Let us consider here how to take the cavity cross section

D for the ease of practical applications. At a gllance,

one is liable to take D as shown in Fig. 2(a) and 2(b).

g K. Fujisawa, “Theory of slotted cylindrical cavities with trans-
verse electric field, ” Tech. Reps. Osaka Univ., vol. 1, pp. 69-87;
March, 1951.
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Fig. 2—I)etermination of the cavity region D. (a) and (b) are
unsuitable, and (c) and (d) are suitable, for practical applications.

(b)

Fig. 3—General shapes of the cavity near the gap.
But for these regions, which have two vertexes on their

boundaries at the gaps, it is almost impossible to evalu-

ate the Green’s function G. So, for practical applica-

tions, it is better to take D as shown in Fig. 2(c) and

2 (d), and take the reference point at the vertex PO

rather than PO to evaluate the Green’s function.

Accordingly, we rewrite using (12)

problem L’ (GJ = O under the same boundary condition

as (5). So, it ma>- be written as

GI(PO, P’) = – ~ in P,P’ + g,(P,, P’), (19)
a!

where gl is a regular function ever}nvhere in D. And

it must satisfyF(P-O) = 27r[2L(PO) – 2{(7.) j

sG,(PO, P’) ~S~ = 9,
D r’

(20)– j&x127rsG(PO, P’; W)E’ dS’. (15)
co

by the orthogonalit>- of v, to v, (a constant) in (18). So,

substituting (19) in (20), and regarding gl as a constant,

we can write as

This formula is suitable for practical applications. In

the next Section, approximate approaches are given.

GENERAL EQUIVALENT CIRCUIT OF ~ REENTR.kNT

CAVITY

I POP’
G,(P, P’) e – & in ~ I for PoP’ = O, (21)

For a reentrant cavity, the resonant wavelength is

much greater than the cavity dimensions, so we can

PLlt

taking J.bl as the mean distance of D to P,,.

Hence, we have finally

1
G(PO, P’: k’) = – —

k’ f ds’/?”

h<<k,, i=l,2,3, . . . . (16)

Hence we have, from (11)
‘D

,
G(P, P’; k’) > – ~- + G,(P, P’), (17) Pl)P’

— < in —, for PoP’ = O. (22)
a 1.>1

where
For the fields in the gap region (Fig. 3), we

spatially constant electric fields and obtain

assume

(23)

(18)

for the static
B.=+) Y2

E, = O, ab = jtiq — .
dObviously, GI is the Green’s function
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Subsl:ituting (22) and (23) in (15), v-e can write
F------2CT

where

el.11sin al
111

d,

d,2 cot co ~n &l,,i sin cw

)
+2——’

d2

[for the gap shown in Fig. 3(a)],

(24)

(25)

(26a)

d cot a ~1, VLIM sin a
+y

)
(~6b)

d’

[for the gap sho~~n in Fig. 3(b)], where e = 2.718.

As fc)r the gap capacitance, we assume a gap formed

by plane parallel plates instead of the actual gridded

gap, and obtain

-2

co = co~:~ . (27)

If we cannot neglect the effect of grids, the value of CO

frc)m the above equation should be modified by multipli-

cation by a capacitance reduction factor.

Accordingly, we have, as the total equivalent cap.~ci-

tance of the cavity

C=co i-cl. (28)

It is very interesting that L, given by (25), is equal

to the inductance of a toroidal coil with one turn and

with a cross section the same as D. This agrees with the

usual empirical statement. 1 But the new il~troduction

of Cl is t’ound to be very effective.

Cl is the equivalent capacitance of the cavity l-egion

D, and is mainly formed by the cap~citance between the

side walls of the posts [in Fig. 3(a) ], or by that between

the side wall of the post and the end plate [in Fig. 3(b)].

It is very interesting to compare the nature of Cl with

those of the usual discontinuity capacitances in trans-

nlission lines.

m,
Fig. +—I<eentrant coaxial cavity.

k----2fi —----l
(a)

(b)

Fig. 5—(a) Coaxial line terminated by a gap; (b) step
discontinuity in a radial line.
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For this purpose, let us take a reentrant coaxial cavity

shown ill Fig. 4, for example. In this case, we have

The discontinuity capacitance (excluding the gap capac-

itance) of the coaxial line terminated by a gap shown

in Fig. 5(a), is easily obtained by a little manipul<).tion

asl” ..

?’1 — t-o
cd = %’o 111—, (r, – r.>> d). (29)

d

The step discontinuity capacitance in the radial line

showl~ in Fig. 5(b), is easily obtained ash

ek

Cd = 4cor0 In ~, (h>> d). (30)

Comparing the above three capacitances, it is found that

Cl is closely related with the usual discontinuity capa-ci-

tances in transmission lines, and is slightl>- greater than

10 hi, ~I~~~~,\-it~, “ktiareguide IIandbook, ” hIcGraw-Hill Book
Co., [nc, New York, N. Y., p. 178; 1951.

11C, G: l\ IolltgoIllery, I{. H. Dicke, and E. hI. purcei], “princi-
ples ot’ N,llcrowzve CircLlits, ” McGra\v- Hill Bouk Co., Inc., h-ew
York, N. 1“., p. 274, 1948.
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these. The difference may be due to the contribution of

the electric field in the cavity region far from the gap.

To evaluate Cl actually, we must know the value of

1.M. This is given by

1
lM = PQPM = — sP,P’ dS’, (31)

SD

taking S as the area of D, and PM as its center. Also,

lJf is obtained graphically by the following procedure.

f a
\ /
\

2

P.

s, ~

Fig. 6—Graphical determination of hr.

Given a cavity cross section D as in Fig. 6, for example,

we divide it into two regions of simple shapes, and deter-

mine the centers of the respective regions, and denote

it as PMI and PMS, respectively. Then the center PM

of D is obtained as the dividing point of PMIPM2 in in-

verse proportion to the respective areas, and ‘?M k found

by measuring the distance PoP.w.

Now, let us turn to the calculation of wall loss.

Clearly, the equivalent shunt resistance of the cavity

at the gap is given by

1

s

I 2mt(P’) 1’ ds’
(32)

z=., 2T&s 7 ‘

where IJ is the conductivity of the cavity wall and 3 is

its skin depth.

For a point P‘ not so close to the gap, we have, from

(12) and (13)

u(P’) E – ju~oG(P’, Po; kz). (33)

Substituting (33) in (32), and using (22), we obtain

11

J

ds’
m—— ——

2n-& W2L2 .1 r’ ‘
(34)

where we neglected the square of the second term in (22).

So, the equivalent series resistance of the cavity at the

gap is given by

W2L2 1

s

ds’
R,, =—E— —— (35)

R,h 23r8v <. Y’

Clearly, this is equal to the high-frequency resistance

of a toroidal coil with one turn and with a cross section

the same as D.

Using these equivalent circuit constants and the

equivalent circuits shown in Fig. 7, we can estimate the

resonant properties of the reentrant cavities with ease.

tq

mc-o c,
L R.h

(a)

g L

mCol c, f?.
(b)

Fig. 7—Equivalent circuits of a reentrant cavity at the gap.

For practical applications, calculated results on typical

reentrant cavities are summarized in Table I opposite.

The regions of validity of these formulas are discussed

in the next Section.

THE RANGES OF VALIDITY OF THE FORMULAS

Generally, the main parameters which affect the

validity of the formulas are summarized as the follow-

ing three:

1~/AO—this shows the relative size of the cavity

compared to the resonant wavelength. As

referred before, the accuracy is better for

smaller lIz/Ao.

.POPV/l,W-taking Pv as the nearest vertex to P.

on c1 this affects the validity of (21).

The accuracy is better for larger PoPv/lM.

yo/ZAW—this shows the relative size of the post com-

pared to the cavity. The accuracy is

better for larger ?’o/lM.

From the following examples, let us now find the

ranges of parameters over which the formulas are valid.

In Fig. 8 (p. 3.50) comparisons are made between the

calculations from the formulas and those by Ha risen, of

the resonant wavelengths of the sixty cavities4 shown in

Fig. 9, which, according to his calculations, have the

value of ~0 = 3.2 cm within an error of 3 per cent. In

the figure, the cavities are represented as points in the
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Fig. 9—Reentrant coaxial cavities that have the remnant wavelen@h of .3.2 cm according to Hansen.

lM/AO-P,PV/l.W plane, according to the values of their

parameters, and the percentage differences between the

two calculations of their resonant wavelengths are in-

dicated. The values in parentheses show the percentage

differences between the calculations by the formulas

excepting Cl and those by Hansen.

Clearly, the introduction of Cl is very effective, and

the accuracy is much improved. Also, it is found that

t+ e cavities are classified into two groups according to

their values ok rO/1~. For the one group with smaller

rO/l~(VO/1~ SO. 156), the formulas are 110~ applicable)

and for the other with larger yo/zM (~o/zM Z Q.38 ‘7), they
are valid within an error of about 5 per cent, in the re-

gion above the straight line indicated in the figure.”’2

~ZThree ~avitie~ ~Yo~. 1(), 11 and 12, &OW extraordinarily great

and unusually directed errors. Since some misprints probably may
be included in Hamilton, Knipp, and Kuper, op. cit., these three cavi-
ties are to be omitted.
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Fig, 10—Percentage errors of the calculated resonant \vavelengths
of the cavities showu in Fig. 13.

In Figs. 10–12, the calculated resonant wavelengths

obtained by the formulas are compared with results of

the experiments of the cavities (Figs. 13–15, pp. 354–

355), and their percentage errors are given. These cavi-

ties all have the resonant frequencies of 3800, 4000, and

4200 mc at the gap distances indicated (the smaller gap

distance corresponds to the lower resonant frequency).

The values in parentheses in Fig. 10 show the percent-

age errors of the calculated resonant wavelengths by

the formulas excepting Cl.

Here also the effectiveness of Cl is proved. Fig. 17

shows the percentage errors of the calculated resonant

wavelengths compared with results of experiments of the

0.8

0.7

0,6 1

0
-1.7-2. I -2.8

o-Q-o
-1.3-lx’ -2. I

/
@’

0---0--42

*

f%PT=Jj$(l+9* -4.? -5.8-74

83

/’

0--0---0
-4.5 -a3 -5.3

0.08 0.10 0.12
JM

0.14 o.I6

z

Fig. 1 l—Percentage errors of the calculated resonant wavelengths
of the ca~-ities shown in Fig. 14.

cavities13 shown in Fig. 16. In these cases, the resonant

wavelengths are varied from about 13 cm to about

32 cm.

The experimental values of the resonant wavelengths

are affected by the external loads through the loop

coupling, so they contain some errors probably smaller

than a few per cent.

From these figures, it is concluded that the introduc-

tion of Cl is very effective, and the resonant frequency

may be calculated by the formulas to within an error of

about 5 per cent in the following ranges of parameters:

~o/lM ~ 1/3, (36)

and

PoPT//l.4I z 1/3 + 31,w/Ao. (37)

This condition applies for the case when the boundary

c1 subtends a right angle at the vertex Pv. If the angle

at PV is larger than a right angle, the bend at PV affects

the validity of (21) less, so that the formulas are appli-

cable to smaller values of POPv/JM than are given by

(37). This is understood from the data of the cavities

Nos. 110 and 111 in Fig. 17.

As for the shunt resistance and the unloaded Q, com-

parisons were made between the values of the formulas

13The Cav-ities ,\Tos. 108 and 109 are the doubly-scaled cavity

models of the klystron 2K56 and 2K54.
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Fig. 12—Percentage errors of the calculated resonaat wavelengths of the cavities shown in Fig. 15.

and those of Hansen, for the sixty cavities shown in

Fig. 9. The percentage differences between the two

calculations are smaller than about 50 per cent,14 but

their values distribute irregularly and it seems impossi-

ble to find any rules for the resonant frequency. This

mav be due to the fact that both calculations contain

~on~iderable errors,lb and we have no standard values to

compare them with.

AIso, the shunt impedance R. fi/QO of the reentrant

coaxial cavity with a square cross section was calculated

by the formulas and compared with the results of

Ginzton and Nalos.18

The values according to the formulas are in close

agreement with their calculated values based on a mean

value between coaxial and radial field approximation,

and are accurate to 15 per cent for values of k?’o up to

0.6 provided that kd <0.5.

M Hej.e ~l~o the cavities Nos. 10, 11 and i2 were ol~litted.
15Th,3 calculations by w, w. Hansen of the shunt resistance and

the Q am believed to be accurate to 10 per cent for cavities highly
reentrant and to 25 per cent for those that are less so.

M Ginzton and Nalos, op. cit., p. s, Fig. s.

From the above discussions, it is concluded that. the

formulas may give the shunt resistance and the un-

loaded Q to within an error of several tens of per cent

in most cases.

SPECIAL CASES

Case 1—A Reentrant Cavity with a Gridless Gap

So far, we have considered only reentrant cavities

with a gridded gap. But, for high power and for ex-

tremely high frequency, one uses klystrons with a

gridless gap. In Fig. 18, such a gap is shown, which

is formed by a cylinder of inner radius F-i and outer radi-

us FOand an end plate with an aperture of radius P., at a

distance d apart. We assume here that the end plate

has a thickness greater than the aperture radius, so that

the aperture behaves as a cylinder for the gap fields.

The gap fields excite a cutoff E-type mode with axial

symmetry in the cylinders.

Such a problem was solved in detail by Wang.17

IT c. c. Wang, “Elect ronlagnetic field inside a cylinder with a
gap, ” J. .fppl. P~Lys., vol. 16, pp. 3S1–366; June, 1945.
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Fig. 15—Reentrant cavities that have the resonant frequencies of 3800, 4000, and 4200 mc experimentally,

Later, it was treated by the author independently, and

the following results are derived. 18

.Assu ming a space constant electric field on the cylin-

drical surface ~ =7, in the gap region, and expressing

the fields in Fourier integrals of the elementary waves

in the cylinders, the equivalent gap capacitance CO is

obtained as

Clearly, ~ is a capacitance reduction factor for the

gridless gap as compared with the gridded one, and its

values are given in Fig. 19, p. 357.

18K. Fujisawa, ‘[Gridless modulation gap of a klystron,” ~. Inst.
Elec. Cozwn. Ersg. Japan, vol. 36, pp. 613-617; November, 1953.

Substituting (38) for (27), all the former relations

remain valid in the same rang-es of parameters given

by (36) and (37).

Case 2—A Reentrant Cavity with a Post Stepped nea~

the Tip

Such a cavity is shown in Fig. 20. By taking the

cavity cross section D as shown in Fig. 2’0 (a), as usual,

we sometimes have more small values of PoPV/J,lZ than

are given by (37), and cannot apply the formulas. In

such cases, by taking D as shown in Fig. 20(b), the

conditions (36) and (37) are often satisfied, ancl the

formulas become applicable in certain conditions.

In Fig. 20(b), the equivalent gap capacitance consists

of the capacitances of the plane parallel plates of the

circular and annular areas and the discontinuity capaci-

tance at r = YOgiven by (30). So it is written as
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Substituting (39) for (27), all the resonance properties

are calculable.

B>- this method, the resonant wavelengths of several

cavities were calculated, and their percentage errors

compared with experiments are given in Fig. 21 (p.

358). Formerly, these cavities were treated by taking D

as usual, and the percentage errors of their calculated

resonant wavelengths are given in Figs. 11 and 17. Com-

I +L,J &Ak’+/”L

I +\p
d“

[gap ~e$ion

(a)

(b)

Fig. 20—Two methods of taking the cavity region D
for a cavity with a stepped post.

paring these data, it is concluded that by this method

some cavities are brought into the applicable regions of

the formulas [(36) and (37) are satisfied ], and their

resonant frequencies are calculable within an error of 5

per cent, when the following additional condition is

satisfied for the ]lew cavity region D:

CONCLUSION

(40)

In this paper, general formulas for calculating the

equivalent circuit constants of a reentrant cavity are

derived, which enable one to calculate the rescmant

frequency within an error of 5 per cent, in the ranges

of parameters given by (36) and (37), and the shunt

resistance and the Q within an error of several tens

of per cent in most cases. For practical klystron cavi-

ties, the conditions (36) and (37) are usually satisfied,

so that the formulas are applicable for most klystron

cavities.
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